



















9 Finite and Infinite Nested Square Roots
Convergent to One
BENJAMIN EDUN
Abstract. We investigate nested square root formulas con-
vergent to 1 by two methods. In the first method, we derive
a general infinitely nested square root formula. In the sec-
ond method we derive a general finitely nested square root
formula.
Keywords:Nested square roots, Half angle formula Recursive Formula, Bi-
nomial Expansion
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1. Introduction
Most of the convergent nested square root formulas discussed in mathematics
literature are in a form in which the numbers under the nested square roots have
integer powers. In this paper we derive general formulas which admits numbers
with fractional powers .




























































































































We could derive equivalent forms of (2) , (3) , (4) similar to (8). However we






















∈ {(−1,0) ∪ (0,1)}.
Remark. Note that the number of nested square roots n in (9), (10) and the
following nested square root formulas includes neither square roots of m nor s
if any of them is a surd. In addition we adequately define the variables g, k,m
and q in the following sections.
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2. Infinitely Nested Square Roots
Let the half angle formulas,
cos(y) =√1 + cos(2y)
2




sin(y) =√1 − cos(2y)
2
≡ cn =√1 − an−1
2
, (12)
where, n ∈ Z+, n > 1.
















where, kn = 2n−1 − 1, qn = 21−n,
Similarly to (7),




















Examples : The following are some examples of the general nested square root
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where, f(n,m) = (2knm)qn
Remark. Notice that the examples in (17), (18), (19) and (20) all contain
fractional powers of numbers under the nested square roots, a form which we
sought to derive.
1 Finitely Nested Square Roots
In the previous section we derived a general form of nested square root formulas
convergent to 1, by limiting the nth term of the recursion formulas in (12) to
infinity. In this section however, we discuss a general formula for nested square
root formulas convergent to 1 for a finite nth term of the recursion formula in
(14). To begin, we establish the conditions required for the convergence of our
proposed formula by application of binomial expansion to a defined relationship
between m and s .
Let,
s2 =m2 − d2, (21)
where d > 0,
Then, the first term of the recursion formula in (12),
a1 = s
m


























→ 0 can simply be achieved in two ways. We can keep d













Examples : The following are some examples of general nested square root for-


















,4)√(27m) 18 −√(23m) 14 +√(2m) 12 +√m + s⎤⎥⎥⎥⎥⎥⎦ , (27)
Remark. Notice that the examples in (17), (18), (19) and (20) all contain
fractional powers of numbers under the nested square roots, a form which we
sought to derive.
4. Conclusion
We derived nested square root formulas convergent to 1 by infinite and finite
recursion formulas. We discussed how these methods work separately.By com-
bining these two methods we can derive a more efficient nested square root








where d satisfies (21).
The nested square root formula in (28) is particularly useful because it converges
to 1 in more than one way.
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